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1. IXTRODUCTION 
It is well known that hypergeometric functions enter into a number of 
elementary conformal mapping problems. H. A. Schwarz encountered several 
such functions in problems which he solved in the 1860s. See, e.g., Nehari 
[5, Chap. VI] or Hille [4, Sect. 17.61. Here the hypergeometric functions enter 
explicitly in the mapping functions, but there are other possibilities. There 
are various geometric concepts associated with the mapping such as area and 
arclength which may be expressible in terms of hypergeometric functions 
of a parameter. 
Let 
zl-+J(z) = f c#, Cl + 0, (1.1) 
II=1 
be holomorphic in the unit circle and consider the map 
TV’, y) = [w; w = f(z), 1 n / < 71, r < 1. (1.2) 
For small values of Y the domain T(D, r) is a small oval in the w-plane con- 
taining the origin, but as r increases toward 1 the image may present branch 
points and overlapping. The area A(r) of T(D, I), overlappings included, is 
d(r) = m2 ,% (n + 1) j c,+i ,2~2tL. (1.3) 
In exceptional cases the series may represent a hypergeometric function. Thus if 
c, = (-1)” t-t), a = a + pi (1.4) 
we have 
A(r) = 7r(l a 1 r)*F(u + 1, 5 + 1,2; r2). 
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I f  a: > 0 this expression becomes infinite as Y t 1. The transit formulas at 
x = 1 show that 
A(Y) - g$2-y1 - y)-Za. (I.61 
2. ARCLENGTH 
We can get similar formulas for the arclength of the curve C(r) which forms 
the boundary of the domain T(D, Y). It was shown by Hardy [2] in 1915 and 
about the same time by Marcel Riesz thatL(r), the length of C(Y), is an increasing 
function of Y. At the instigation of my teacher, M. Riesz, I examined the analytic 
properties of the function .Y + L(s) in 1916. S ome of my results were published 
in 1917 [3]. I found that L.(x) is continuous and piecewise analytic. 
For L(x) one has the obvious integral 
from which we derive two expressions for the ratio 
Q(x) = LE. 77 
I f  
.f(4 = f  csn, 
n=1 
set g(z) = f  C,z”. 
71=1 
Then the rectifring integral 
Q(x) = & [” If’(xeis) g’(xe-ie)]1’2 de, 
or 
Q(4 = & J;,,=x [fW g’ (r,l’:‘$ . 
We apply these formulas to the case 
f(z) = (1 - z)-” Q-6) 
defined by (1.4) and get 
Q(4 = I a I WC1 + a), *(l + a), 1; ~‘1. 
(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.7) 
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The transit formulas at z = 1 give 
Q(x) - I a I r(4 1 q*(l + a)]l2 2-“(1 - “CU. (2.8) 
The case 
f(4 = l%[l/(l - 41 (2.9) 
is also of interest in this connection. Here 
A(x) = %X*q1, 1, 2; X’) N x log[l/(l - X)], (2.10) 
L(x) = 27Txq+ , fr ) 1; X’) N 2 log[l/( 1 - X)]. (2.11) 
We note that &rQ(x) is a period of the Jacobi elliptic function sn(z, X) with 
modulus X. 
In these examples L(X) is holomorphic in the whole open unit disk and in 
general ceases to have a meaning outside the unit circle because the mapping 
function z +P f(z) ceases to be single valued. Since f(z) has a singular point 
at z = 1, the formulas involving hypergeometric series in d cease to have 
a meaning, though there may be exceptions. Thus (2.7) is valid for all values 
of x if a is a negative odd integer. 
The following example shows different phenomena. Take 
f(z) = z - zy(k + l), (2.12) 
where K is an integer 31. Th e case K = 1 is figured in [3]. Here f(z) is 
holomorphic in the finite plane but since f’(z) vanishes at the kth roots of 
unity we get different expressions for L(X), 1 s [ < 1, and j .Y 1 > 1. For ! s 1 < 1 
we get 
L(x) = *zq- g ) -3 ( 1; x’k), (2.13) 
whilefor 1x1 > 1, 
L(x) = 25r.lc~:+iF(-&, -+ ) 1; .+q. (2.14) 
Here A(x) is given by 
-4(X) = &[l + P/(K + I)] (2.15) 
for all X. Note that 
F(-1, -1, 2; x2”) = 1 + +x*k (2.16) 
The mapping takes the unit circle into an epicycloid with K cusps located at 
the points K/(K + 1) multiplied by the Kth roots of unity. 
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3. THE ISOPERIMETRIC INEQUALITY 
Let D be a domain spread on the Riemann surface of log z. Let its area 
be A and the length of its, by assumption rectifiable, boundary be L. Then 
the isoperimetric inequality holds 
L” 3 &A. (3.1) 
An application of this inequality to the mapping problems defined by (2.6) 
and (2.9) gives the result 
THEOREM 1. The inequality 
[F(a, b, 1; x)]’ > F(2a, 2b, 2; x), O<x<l, (3.2) 
holds if either b = a are real or b is the conjugate of a. There is equality for 
a=b=O. 
Apply (3.1) to T(D, x) and use (1.5), (2.7), (2.10), (2.11). The choice a = 
b = 0 corresponds to the identity map and equality in (3.1) holds only for 
circles. 
If  z F+ f(z) is defined by (2.12) the isoperimetric inequality gives 
[F(-* ) -3, 1, Xi”)]’ > 1 + X2”/@ + l), O<x<l, (3.3) 
while (3.2) gives the stronger result 
Since 
[F(-4 , -4 , 1; P)]s > 1 + 3+, O<X<l. (3.4) 
[F(-+, -3, 1; .x2”)]’ > (1 + &v’“>’ > 1 + $*k, (3.5) 
the truth of (3.4) is obvious. In this case we can also apply the isoperimetric 
inequality for x > 1. This gives 
[x~F(-+ , -4 , 1; +~)]a > 1 + $P, 1 <s. (3.6) 
Here the left member exceeds 
$“(I + +*“) zz fr + x*“, 
and for 1 < x we have obviously 
4 + X2k > 1 + ix=, 1 <k. 
It follows that (3.6) is valid for all positive integers k for 1 < x. Note that for 
x = 1 the left member of (3.6) equals 16/r2 > 3/2. 
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The case defined by (2.12) leads to another inequality for a special hyper- 
geometric function which is not totally without interest. Formula (2.5) in this 
case implies that 
L(x) = x Jzm (1 - 2X” cos k8 + X2h-)lJ9 &I 
0 
(3.7) 
z.z 27rx(l + .xyl’2F ($, ---a, 1; 1 ;k,r2k). 
Hence the inequality 
F g,-$,l; 
( 
XL 1 + $,2k 
1 + x28 > 1 + A+= 1 ( 1 
l/2 
* 
4. EQUATIONS OF GOURSAT TYPE 
Suppose that the mapping function has a derivative of the form 
f’(z) = fi (zj - z)“j. 
j=l 
(3.8) 
(4.1) 
Then the rectifying integral equals 
This integral is of a type studied by Goursat [l] almost a century ago. He 
observed that his integrals satisfy homogeneous linear differential equations. 
The singularities of the integrand are generally 2m + 2 in number, namely 
the m points zi which are fixed and the m mobile points x*(z~)-’ plus 0 and co. 
Goursat made a detailed and profound study of the (m + 1)(2m + 1) integrals 
taken between the singular points and showed that they may be expressed 
linearly in terms of a suitable fundamental system of 2m + 1 integrals. By 
a theorem of Tannery [6, p. 1301, this means that the integrals satisfy a linear 
homogeneous differential equation of order 2m + 1 with single-valued analytic 
coefficients. The singularities of the equation are first the fixed points zj , 
second those values of x for which a mobile singularity of the integrand coincides 
with a fixed singularity, that is, the points (zi.Q112 j, k = 1, 2,..., m. None 
of these points can be an irregular singular point of the equation. For if x = a, 
are irregular singular then there must exist an integral which, as x tends to 
z+, along a suitable path, becomes infinite faster than any power of the distance 
from x to zIO . This can only happen if the integrand has this property which 
is obviously impossible if f’(z) is defined by (4.1). The same argument applies 
at the singular points 0 and co. 
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THEOREM 2. The d$zrential equation satisfied by Q(x) of (4.2) is of the 
Fuchsian class and of order at most 2m f 1. 
Actually there are some indications that the order of the differential equation 
is at most m + 1 but this I cannot prove. 
Goursat gives a method for finding the differential equation. The expected 
result is extremely complicated. Since he gives no illustrations of the method, 
it is perhaps worthwhile to give an example where a direct attack works and 
leads to a simple result. We take 
f’(Z) = (1 - Z”k)a, (4.3) 
where k is a positive integer and a is an arbitrary complex number. Here 
(4.4) 
= F(--ga, $, 1; .P), 
and the differential equation for Q(X) is 
x(1 - .P)y# + (2K - I + [2(201- i)k + I] x”“}y’ - (k / a 1)” x2k-1y = 0, (4.5) 
where 01 = Re(a). 
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